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Abstract 

We derive a number of equivalent criterions for the variable exponent 
Hardy type inequality 



- / f(t)dt 



LP(-)(0,1) 



<c 11/11^(0(0,1) ;/>o. 



to hold, whenever the exponent p : (0, 1) —¥ (1, oo) is increasing or de- 
creasing near small neighborhood of the origin. 
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1 Introduction 

We study Hardy's inequality 

ll^" 1 - ff /|L P (0 ( o ) i)< c 'll/IU-)(o ) i) (1-1) 

in the norms of variable exponent Lebesgue space L p (-)(0, 1). Here Hf(x) — 
Jo f{t)dt is Hardy's operator and the constant C > does not depend on arbi- 
trary positive measurable function /. This subject has been studied by several 
authors (see, e.g. 0, 0, 0, 0, 0, 0, [IT], US, HE [H, [IS], M, M)- 



There are several sufficient conditions on the function p : (0, 1) — > (1, oo) for 
the inequality to hold. They are expressed in terms of regularity conditions 
for p at the origin. It follows from the results of works @] , [5] , [H] ( see, also [2] , 
[T2"] . that the inequality (II. lj) holds if p~ = inf p > 1, p + = sup p(x) < oo 
and the condition 

A := limsup \p(x) -p(0)| log — < oo. (1.2) 

is satisfied. 

One can think that the inequality (11.11) does not need for a condition type of 
(jl.2l) at all. Since there exists an example of function p for which the inequality 
p.ip is violated by some sequence of functions {/&} (see, [5], [7]), we see that 
the inequality (11.11) does not hold without restriction on p (Note, the p there is 
not monotone and does not satisfy (11.21) '). In [11] (see, also [7]), we had proved 
that the condition 

B := limsup p{x) — p(— ) log — < oo (1.3) 
x->o L V2/J x 

is necessary for this case. Note that, condition (jl.3|) is strictly weaker than (|1.2[) . 
This condition is new and somewhat surprising. For example, it is satisfied by 
p(x) — p(0) + fi^ry* an( ^ 0<a<l, C > 0, whereas the condition (11.21) is not 

satisfied. For the exponent, that is nondecreasing near the origin, the condition 
(jl-3f) is also sufficient if the number B satisfies B < p(0) (p(0) — 1) (see, [XT]). 
Unfortunately, the good condition (|1.3|) is no longer sufficient for the inequality 
p. II) to hold if the condition on B be ignored. In this case, a necessary and 
sufficient condition is still an open problem. 
In Theorem 12.21 we prove that the condition 

1 ' i i \p(x) dx 

op'Wi — <C, 0<a<l (1.4) 

and several other equivalent conditions are necessary and sufficient for the in- 
equality (|1.1[) to hold in the case of nondecreasing exponents. 

Also, in Theorem 12.11 we prove that no condition is needed if the exponent 
p is nonincreasing at small neighborhood of the origin. 

We refer to the monograph [3] and references therein for a full description 
of variable exponent Lebesgue spaces and boundedness of classical integral op- 
erators there. 



2 Main results and notation 

As to the basic properties of spaces LP( ) , we refer to [B], [TS]. Throughout 
this paper, it is assumed that p (x) is a measurable function in (0, 1) , taking its 
values from the interval [l,oo) with p + = sup{p(x) : x € (0, 1)} < oo . The 
space of functions L p ^ (0, 1) is introduced as the class of measurable functions 
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/ (x) on (0, 1) which have a finite 7 p ( j (/) = \f\ p ^ x ' dx modular. A norm in 
L p ^ (0, 1) is given in the form 

||/|| = {a>0:I p( .) (£) <l}. 

For 1 < p~, p + < oo the space L p ^(0, 1) is a reflexive Banach space. 

The relation between modular and norm is expressed by the following in- 
equalities (see, f.e. [18]): 

||/|| P L + p( .) ( o,o < Ip (/) < 11/11^(0(0,0 - 1 > ll/ll P (.), (2-1) 

WfWUmi) < h (/) < 11/11^(0(0,0 ' 1 - I^Uo ■ ( 2 - 2 ) 

Such estimates alow us to perform our estimates in terms of a modular. 

For the function 1 < p{x) < oo p'{x) denotes the conjugate function of 
p( x )> J(xj + ^PJx) = an< ^ P' = 00 if p = 1. We denote by C, C\, C 2 , ... various 
positive constants whose values may vary at each appearance. By \e we denote 
the characteristic function of set E. We say the function / is almost increasing 
(almost decreasing) on [0,1] if f(x) < Cf(y) (f(y) < Cf(x)) for all x < y in 
[0, 1] and C > 0. 

Following main results are obtained in this paper. 

Theorem 2.1 Let p : (0,1) — > [l,oo) be a measurable function such that p is 
nonincreasing on some interval (0, e), e > and p + < oo. Then it holds the 
inequality (|l.lj) for any positive measurable function f. 

Theorem 2.2 Let p : (0,1) — > [1, oo) be a nondecreasing function such that 
p(l) < oo. Then the following statements are equivalent: 

1. There exists a constant C > such that the inequality 

lk~ liJ /IL,(0(o,i)^ c ll/ll^<-»(o,i) ( 2 - 3 ) 

holds for any positive measurable function f. 

2. The condition 

!_ dx „ _ i 

x 7w — < Ca p'<°),0<a<l (2.4) 
x 

is satisfied. 

i | c 

3. There exists an e > such that the function x * < x > is almost decreasing: 
fa "5W +e < Ct ~ FHTT+ e as o < t x < i a < 1. (2.5) 
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4- The condition (|4.16p is satisfied. 
5. The condition 

\\x~%(.y : (a,i) < CaT?fa, < a < 1. 

is satisfied. 



(2.6) 



3 Proof of Theorem 12.1 



Let f(x) > be a measurable function such that ||/|| iP (.)(o y> < 1. Then it 
follows from the inequality (|2.ip that I p ^ (f) < 1. In order to prove Theorem 
I2.1l we have to show that 



ll* _lff /|U>(0,l) ^ 

To prove (|3.1|) . we establish the estimate 



(3.1) 



I, 



pi-'. 



< c 2 



Using triangle inequality for p(.)-norms and e S (0, 1 ) , we have 

\\ X ^/|Ilj>(0(0,1) - ll X ^ILp(-)(0, £ ) + ll X H f\\LPi-){t,l) 

■= h + «2- 

Taking into account 



(3.2) 



Hf(x) 



f(tx)dt 



and using Minkowskii's inequality for L p ^ norms, it follows that (see, [6], [18] ) 

ll/(-*)IW);(o,e) d *' (3-3) 



h = 


Hf 


< 


[ f(.t)dt 


<-l 




X 


p(-);(0,e) 


Jo 


p(.);(o,e) Jo 



Let us estimate the term ||/(. t)\\ p , y , » for < t < 1. Since p is nonincreas- 
ing on (0, e), we have p(x) < p(tx) for a; £ (0, e). Therefore, 



o 
< e 



f{xty^dx < / /(zt) p < x >X/(xt)>l<k 



Whence, 



Jo 1 Jo 

f{tx) p{x) <-+€<-, 



< t < 1. 



4 



This implies 



f(tx) 
i_ _j_ 

o \t p- 2p- 



p{x) 



dx < 1, < t < 1. 



Therefore and using the definition of -norms, we get 

ll/(-*)ll P (. ); (o, e ) <2^r^, 0<t<l. (3.4) 
Using (|3.4[) and (|3.3p for the first summand in (|3.2p we have the estimate 



n < 2» 



f v- dt < — 2p" 

o p -1 



(3.5) 



Now we shall estimate the term 
inequality, we get 



Hf(.) 



1 f 1 f(tx) p{tx 

f(tx)dt< I J[ ' ; dt 



p(-);M) 

1 dt 



For x 6 (e, 1) using Young's 



o PO) 



f{uf {u) du + 
xp Jo P" 



1 1 
— < 



P'( tx ) 

1 



ep (p+y e 



Therefore, 



'2 



Hf{.) 



p(0;(M) 



/(.t)dt 



p(.);M) 



f 



<l; + ljl|l|lp(.);(e )1 ) 



Inserting this estimate and (|3.5[) in (|3.2j) we complete the proof of Theorem 12.1 



4 Proof of Theorem 12.2 



To prove Theorem 12.21 we need several lemmas. 

Lemma 4.1 Let p : (0, 1) — > [l,oo) be a monotone nondecreasing function such 
that p(l) < oo and the condition (|4.16[) is satisfied. Then there exists a constant 
C\ > depending on C, p(l) such that the condition 



1 



p'(2x) p'{x) 



In - < Ci 

x 



(4.1) 



is satisfied. 

Proof. From f|4. 16[) it follows that 

f 4a ( i j_\p(x) dx 

/ [x p 

J2a 



( l_ i \pW dx 

[x p' (x > tt» < a > J — 



< c. 
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Since is monotone nondecreasing, we have 



pO) dx 



Suppose Bf'< a ) (4a) p'< 2a > is greeter then 1. Then 

,p(o) 



/ l __i \J»W l l 

C>((4a) P '(2a) a p'(a) j m2 > 4I-PW l n 2af'(») p'< 2 «> . 
Whence, 



< 1- 



ln2 



or 

1 1 1 



In — < In 



v j/(2a) p'(a) / a ~ \ In 2 
This completes the proof of Lemma T4.ll with constant C\ — In ^ g h 1^ 



Lemma 4.2 Let p : (0, 1) — > [1, 00) be a nondecreasing function satisfying the 
condition (|4.16[) andp(l) < 00. Then there exists a constant C\ > depending 
on C and p(0) such that for any § < y < 2x, < x < \ the estimate 

< <>{y) < Cxftx) (4-2) 

_ 1 

holds, where the function 4>(t) = t p '(*> . 

Proof. Since ^7 is nondecreasing it follows from Lemma T4. II that 



^)<(|)^<g) P ' <2 ^ P ' M ^2^T 

< 2 (C^- 1 + l) 

By the same way, 

,/ < l"U\~^PW) / 1 \ p'( 2 v) p'(v) t 1 

<f>(x)<[jt) < ( -J y ?'^2^ 

< 2 (C4 p(1) - 1 + l) (j>{y). 

Therefore, g2Jl is satisfied by the constant 2 {CA^' 1 + l) . ■ 

Lemma 4.3 Let p : (0,1) — > [l,oo) be a nondecreasing function such that 
p(l) < 00 and the condition (|4. 14[) is satisfied. Then there exists a constant 
C\ > depending on C such that the condition (14. lj) is satisfied. 
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Proof. Using (|4.14l) we have 



4« 



Ca Via) > / x VW) — > — In 2 > 4 \ n 2 - 

ha x \4aJ V a - 



that is, 



1\ p'(2a) ?w 4C 

- rn2' 



4C ' 



This proves (|4.ip with constant C\ = In 

Lemma 4.4 £e£ p : (0, 1) — > [1, oo) be a nondecreasing function satisfying the 
conditions ()4.14j) and p{l) < oo. TTiert i/iere exists a constant C\ such that 

< 0(y) < Ci0(a;), 

_ i 

/or any | < y < 2x, < x < 4, where the function (p(t) — t p'W . 
Proof. To prove Lemma 14.41 it sufhce to apply Lemma 14.31 as in Lemma 



Lemma 4.5 Let p : (0,1) — > [l,oo) be a nondecreasing function such that 
p(l) < oo. Then the following two assertions are equivalent: 

1 ) The condition (|4. 14[) is satisfied. 

2) There exists an e > such that the function x e 4>(x) is almost decreasing: 
there exists a C\ > such that 

t e 2 4>(t 2 ) < Citl4>{h), < t x < t 2 < 1. (4.3) 



Here the function 4>{t) = t p'W . 
Proof. Proof of 1) -> 2). Denote g(x) = $1 </>(t)f. Then 

ff / (a .) = _^) 0<x<l. 

a; 

Hence 

• . . 11 —q'(x) 

g(x) < -Cg'(x)x or -- < -^V, < x < 1. 

C a; #(z) 

Integrating this inequality in x over (£1,^2), we get 

ln^4>^ln^ or g(t 2 )tf < g( tl )tf . 

g(t 2 ) O t 2 
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Since 



//!/,)= / <f>(x)— > f * <j>{x)— > i^(i 2 )ln2, 



>t 2 * Jt 
using (|4.14l) and assertion of Lemma 14.41 we get 

Therefore, (gTSJ is satisfied with e = i, Ci = C* 2 . 



Proof of 2) — > 1). Estimating directly, we have 



+ c 



= Ca^(a) / ^TI = -# a )- 

J a x 6 

The inequality (|4.14[) has been proved. ■ 

Lemma 4.6 Letp : (0, 1) — > [l,oo) be nondecreasing function such that p(l) < 
oo . Then the condition (|4. 16[) is necessary for the inequality (jl.ip to hold. 

Proof. Let a G (0, 1) be a fixed number. Put a test function 

f (z) = X~^5X(%,a)( x )> 0<X<1, 

into the inequality Then 

f a dx 



therefore, ||/ |L, ^ < 1. Hence ^ <C. This implies that I v( ) ( 

PW k p(.);(0,l) \ x J 

C2, whence 



< 



C 2 > 



1 / r a 



p(x) 



r^kdtj x~ p{x) dx> j (^a~^y [X) x- p{x) dx 
'' — p0"0 dx 



> 2- p+ 



( 1 1 V 



Hence 

(^a^^rr J — < C 3 . 
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Lemma 4.7 Let p : (0, 1) — > [1, oo) be a nondecreasing function satisfying the 

i 

conditions p(l) < oo and (14. 16)1 . T/ien the function <f>(x) = x p'< x > is almost 
decreasing; that is for any < t\ < t 2 < 1 we have 

<j>(t 2 ) < Cty(ii) 

Proof. Put tt = a. Let 2 k ~ 1 a < t 2 < 2 fe a, k £ N. Then using (pTTo) and 
Lemma |4~21 we have 

„ A f 2 " a ( J da; 

n=1 J2"- 1 a ^ 

/ 9 ?i — 1 , , V / X 

+ £ 

n=l,neN" J ' ! a 

where J^^=i neN'(— ) means summing over n s N such that a?w (2™a) _ p'< 2 " a > > 

1 and J2^=i neN" (•■•) means summing over n £ N such that af'w (2 n a) p'( 2 "») < 
1. Therefore, 

i i C 

a?w (2"a) < 1 + „ - , neN. (4.4) 

Ci In 2 

Further using the Lemma F4.2[ we deduce from (|4.4I) 

aTw (2 k a y^<^ < C 3 , 

hence by using Lemma 14.21 we have 

i _ .} 
a^t 2 p (t2) < C 4 . 

This completes the proof of Lemma 14.71 ■ 

Lemma 4.8 Let p : (0, 1) — > [1, oo) be a nondecreasing function satisfying the 
conditions p(l) < oo and (|4.16| . Then the condition (|4. 14|) is satisfied, more- 
over, the function x p'w +e is almost decreasing by some e > 0. 

Proof. Using (|4. 16[) and Lemma T4. 71 we have the estimates 



1 - p(*0 dx 

x 



C > a^Mx 



rl / 1 _^ i \ p( x ) dx 
f ■' I ( — a^Mx J — 



a; 
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This implies 



- p + dx 

— < C 



, P (i)-i 



a 



p+ 



< a < 1. 



(4.5) 



Applying the approach of Lemmas 14.31 and 14.71 we find the function x p'<» is 
almost decreasing and satisfies the condition (|4.5[) . It follows from the Bari- 
Stechkin theorem pQ (see, also [TO]) that there exists an e > such that the 

— p ~^~ -t-e l | c 

function x p' (x ) is almost decreasing. This implies the function x p'< x > 1 is 

almost decreasing. Again using Bari-Stechkin result [I] we deduce the function 

i 

x p'w satisfies the condition (14. 14|) 

Hence we have proved that (by using Lemmas 14.61 and 14.81 for the inequality 
to hold it is necessary the condition (|4.14|) . Let us prove that the condition 
(|4.14j) is also sufficient for (fTTj) . ■ 



Remark 4.1 It follows from Lemma \4-8\ that the condition (14.141) for nonde- 
creasing p : (0, 1) — > [1, oo) implies p(0) > 1. Hence the condition p(0) > 1 is 
necessary (but not sufficient) for the inequality (|1.1[) to hold. 

Lemma 4.9 Let p : (0, 1) — > [1, oo) be a nondecreasing function such that the 
conditions (I4.14[) and p(l) < oo is satisfied. Then the inequality (jl.ll) holds. 



Proof. Using Lemma 14.31 we infer that the function x p'( x > is almost de- 
creasing. Further, according to Lemma [4751 the condition (|4.14j) implies that the 

function x p'< x > is almost decreasing by some e > 0. 

Let us prove sufficiency of condition (|4.14p . It suffices to consider the case 



when function f(x) > is a measurable function such that 



Il"(-)(o,i) 



< 1 



(see, [5])- Then I p Q (/) < 1. In order to prove Lemma FOl we have to prove 



L"(-)(0,1) 



< C\. We shall derive this inequality from the estimate 



7p ( .) (x^Hf) < C 2 . 

By Minkowski inequality, for L p ^ norms, we get the inequalities 



\ X ^11^(0(0,1) - 



V / f(t)dt 



OO 

n=0 



l l 

X pC 33 ) p( x ) 



n=0 



Lp<)(0,1) 



-1, 



ffldt 



L"(-)(0,1) 



m< C ^l, 0<s<r<l. 
s e r e 



(4.6) 



Denote B x , n = (2 _,l ^ 1 x, 2~ n x] and p x ^ n = mi{p(t) : t 6 5 Xin }; n = 1, 2, .... Put 
tp(t) = Since the condition (I4.14[) holds, it follows from Lemma [4.81 that 

there exists an e G (0, 1) such that 



(4.7) 
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Then by QH7J) we have 

^ <C ^ 1 (4.8) 

where t is a point in B XtTl ,0 < x < 1 and the constant C does not depend on 
n. 

By using inequality (|4.8|) and 2~ n ~ 1 x < t < 2~ n x we have the estimates 
tWm = tH^~ e < Cfx^~ e < C2~ ne x7M '. 

Hence 

Therefore, and due to Holder's inequality, for x £ £>(0, 1), we get 
x ^ ?w V" / /(t)di 

< C2'" f i"*)f7w / f(t)dt 

l 

2~"a: 



< C2~ ne x~^)t 7w f(t) p *.~dt ] PX '" (2~"x) ("»•»)' (4.9) 

It follows from Lemma l4~2l that 



(2~ n a;) (""•")' < 2 I^"7f 1^*7 < dtFW , (4.10) 

where C depends only p. 

Combining P^j) and (|4.10[) we get 

a; V" / < C*2-" e a;"^ / f(t) p *^dt 

(4.11) 

where < x < 1, n = 1,2, ...and the constant Ci does not depend on n,x. 
Simultaneously, 



2~ n x r 2~ n x r 2~ n x 



/(t)*-.»di < / /(t) p(t) X {/(t) >i}^ + / dt < 1 + 2-" < C; 



By the last inequality and (|4.11[) . we have 



I P (.) (x -W-FW / /(t)di ] < C 4 2-" e ^ / x- 1 ( / 



1 di da: 
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which, due to Fubini's theorem, yields 



In 2 



1~ n x 



1 dx (f{ty (t) + 1) dt 



CX nev In 2 



(/(*) 



p(t) 



Therefore, 



2~ n x 

x ~~ / f(t)dt 



l)dt< C fi 2- nep " 



< C2 



(4.12) 



£*O(0,l) 



By (l4~T2|) and ([4T6| . we get 

OO _ 



n=0 



This completes the proof of Lemma 14791 ■ 

Proof of Theorem 12.21 Let 5) be satisfied, that is the condition (|4.17p . 
Then by the definition, 



p(x) 



\ (•) 1 X{a,l}(0 

Therefore, and using ()4.17|) . we have 



dx < 1. 



Ca 7W> 



p(x) 



dx<l 



or 



rW dx „ 

.) X P '(x) ) < d. 

x 



This is the condition f|4. 16[) . that is 4) of Theorem l2.2l Hence 5) — > 4) has been 
proved. According to Lemmas 14.61 14.71 14.81 we have the implication 4) — > 2). 
The implication 2) — > 3) follows from Lemma 14.51 The implication 3) — > 1) 
follows from Lemma 14.91 The implication 1) — > 4) is proved in Lemma [ 
The implication 3) — > 5) is direct: using the condition (14. 15)) we have 



?W dx rl 

X p'(x) ] < 

x 



i \t 



l\ £p(at) di 



/ayxPW dx 
\xJ J X 
dt 



< C p(1) , 
/ J 1 ti-Hp(o) 



< C 2 
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Rewriting the last inequality, we have 

p(x) 

( dx < 1, 

therefore, the condition (I4.17|) is satisfied. 

This completes the proof of Theorem [ 

If the exponent function p in Theorem 12.21 is nondecreasing on not all the 
interval (0, 1) but so is only near the origin the following assertion holds. 

Remark 4.2 Let a measurable function p : [0, 1] — > (1, oo) be nondecreasing on 
some interval (0,(5), < 6 < 1 and p + < oo; then the following statements are 
equivalent: 

a) There exists a constant C > such that the inequality 

ll a: " lff /|L,0(o,i)^ C 'll/ll^.)(o >1 ) (4-13) 
holds for any positive measurable function f. 

b) The condition 

r s _i_dx _i 

/ x 7w — <Ca ^T,0<a<<5 (4-14) 
Ja x 

is satisfied. 

c) There exists an e > such that the function x p'( a =) +e is almost decreasing: 

^F7l5T +£ < C'<^5 T ^) +e as o < t x < t 2 < S (4.15) 

d) The condition 

f s ( _i i_\p(x) dx 

J ^'Wi p'^J — < C, 0<a<6 (4.16) 

is satisfied. 

e) The condition 

\\x- X \Uy,(a,s) <Ca~^, 0<a<6. (4.17) 

is satisfied. 
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